(cc) EEN
Copyright © The Author(s) 2026
Journal of Statistics and Its Application, Likelihood Vol 2 No 1, June 2026

Bayesian Fitting of Univariate Skew Normal Distribution
on Padua Temperature Dataset

Didik Bani Unggul *

! Institut Teknologi Sepuluh Nopember, Indonesia, email: 7003241003@student.its.ac.id

Abstract

Data-driven distributional exploration is an important issue in selecting appropriate statistical
methods. Due to the presence of skewness that deviates from the normal distribution, the
annual average temperature data of Padua cannot be adequately fitted using a symmetric
distribution such as the normal distribution. To address this issue, this study aims to fit a skew
normal distribution on Padua temperature dataset. Under a Bayesian approach, we specified
priors and constructed posterior distributions as the basis for inference. The sampling results
and diagnostics indicate that the chains satisfy the convergence criteria. The posterior means
for the three skew normal parameters are 12.05, 1.04, and 2.26, corresponding to the location,
scale, and shape parameters, respectively. Lastly, this study not only relaxes the assumption of
normality but also provides a modeling foundation for Padua temperature data that can
support prediction, forecasting, mapping, and other advanced data analysis purposes.
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Introduction

Statistics has an important role in environmental studies by helping researchers identify
patterns, measure relationships, and support evidence-based decisions. Various statistical and
analytical approaches, including forecasting (Hasnain et al., 2022; Marinov et al., 2022), predictive
modeling (Abbas et al., 2024), spatial analysis (Megahed et al., 2025), and regional clustering
(Unggul et al., 2023), can be used to understand environmental change, estimate future conditions,
and group areas with similar environmental or infrastructure-related characteristics. Therefore,
statistical approaches are flexible and can be applied to various cases.

Padua provides an interesting case for distributional temperature modeling. It is a medium-
sized city in North-East Italy, a region recognized as one of the most industrialized and developed
parts of the country (Noro et al., 2015). However, this industrialization, driven by urban expansion
and infrastructure development, has also brought environmental challenges. Studies indicate that
Padua’s urban area is among the most severely affected by soil sealing (Todeschi et al., 2022), a
process in which natural soil is permanently covered with impermeable artificial materials (Piero et
al., 2017). Additionally, urbanization has contributed to the urban heat island (UHI) effect, where
city temperatures rise significantly compared to surrounding rural areas (Battista et al., 2020;
Nuruzzaman, 2015). To develop effective mitigation strategies, a thorough understanding of
Padua’s temperature patterns is essential. However, this first requires identifying the most suitable
probability distribution for the temperature data, as this will determine the statistical methods used
in subsequent analyses.

One important challenge in modeling temperature data is the possibility that the data
distribution is not symmetric. If asymmetric data are forced to follow a normal distribution, the
resulting parameter estimates, uncertainty measures, and predictive conclusions may be biased or
less representative. Therefore, a more flexible distribution is required to capture the empirical
characteristics of temperature data.

The skew normal distribution is one of the most popular distribution for handling asymmetric
data. Azzalini (1985, 19806) introduced the skew normal distribution as a class of distributions that
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includes the normal distribution as a special case while allowing skewness through an additional
shape parameter. This characteristic makes the skew normal distribution particularly attractive
because it maintains a close connection with the normal distribution but relaxes the restrictive
assumption of symmetry. More recently, Ye et al. (2024) also discussed the theoretical development
and applications of skew-normal models, showing that this distribution remains relevant in modern
statistical modeling.

The application of skew normal models has expanded across various fields. In risk analysis
and insurance, Bernardi et al. (2012) used skew mixture models to represent loss distributions under
a Bayesian framework. Bansal et al. (2008) develop empirical and hierarchical Bayesian
methodologies for the skew normal populations. These studies support the use of the skew normal
distribution for empirical data that exhibit asymmetry, including environmental and temperature-
related datasets.

In addition to the choice of distribution, the inferential framework is also important. Bayesian
analysis provides a coherent approach for combining prior knowledge with observed data through
the posterior distribution. For the Padua temperature dataset, prior information from climatic
classification can help guide the specification of parameter distributions, especially for the location
parameter. Furthermore, computational tools such as Stan and the No-U-Turn Sampler allow
efficient posterior sampling for models with complex likelihood structures (Carpenter et al., 2017;
Hoffman & Gelman, 2014).

Based on these considerations, this study aims to fit the annual average temperature data of
Padua using the univariate skew normal distribution under a Bayesian framework. The study
focuses on estimating the location, scale, and shape parameters and evaluating whether the skew
normal distribution can adequately represent the non-normal characteristics of the data. By doing
so, this research contributes to the statistical modeling of asymmetric climate data and provides a
distributional foundation for future analyses, including prediction, forecasting, climate risk
mapping, and urban environmental planning.

Method

Univariate Skew Normal Distribution

The skew normal distribution, first introduced, has attracted significant attention and is often
the primary choice for relaxing normality assumptions (Azzalini, 1985). This distribution is a special
case of a broader class developed by Azzalini (1985), defined by a probability density function (pdf)
that incorporates components of the standard normal distribution function (Azzalini, 1986). A
random vatiable X following a skew normal distribution, or X ~ SN(¢, w, ), has a pdf given by

Equation (1),
fe(xlg, 0,0 = %‘b(x;f)q’(“(x;f)) s &

0 , otherwise

where ¢(+) and ®(+) are the pdf and cdf of the standard normal distribution, respectively.
The location, scale, and shape parameters are given by —00 < & < 00, w > 0,and —0 < a < .
It can be seen that the value of @ = 0 indicates that X will be normally distributed with & as the
mean parameter and @ as the standard deviation. The mean and variance values of X are shown
by equations (2) and (3). Visualizations of the pdf graph for several parameter values are shown in
Figure 1.
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Figure 1. Visualization of the pdf graph of SN (&, w, @) for several parameter values.

Bayesian Analysis

The Bayesian approach has gained widespread popularity among statisticians over the past 50
years (Van De Schoot et al., 2021). This framework treats parameters as random variables with
probability distributions. Prior knowledge and the researcher's rational beliefs about the parameters
are expressed by the prior distribution (Hoff, 2009). Through Bayes' theorem, this prior is updated
to a posterior distribution by incorporating information from observed data via the likelihood
function. For illustration, consider a parameter set @ with prior distribution p(@). The prior is
updated to the postetior distribution p(8]x) through the likelihood p(x|0), where X represents
the observed data. As shown in Equation (4), the posterior distribution is proportional to the
product of the prior and likelihood.

p(0) p(x|6)
p(x)

Once the posterior distribution is obtained, samples are drawn from the joint posterior
distribution of all model parameters using a predetermined number of iterations. The sampling is
conducted via the No-U-Turn Sampler (NUTS) algorithm (Hoffman & Gelman, 2014),
implemented in R using Stan (Carpenter et al., 2017). These posterior samples are then used for
statistical inference, including point estimates (e.g., posterior mean) or credible intervals for each
parameter.

p(6]x) = o« p(0) p(x|0) (4)

Results and Discussion

Descriptive Statistics

Table 1. Descriptive statistics for Padua temperature data
Min. 15t Quartile Median 3rd Quartile Max. Mean Variance
11.3 12.3 12.8 13.2 15.6 12.8 0.51
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In this section, we present Table 1, which contains the descriptive statistics of the annual
average temperature data in Padua. The data have a minimum value of 11.3 and a maximum of
15.6, with a mean and median both equal to 12.8. The first quartile is 12.3 and the third quartile is
13.2, indicating that half of the data fall between these values. We also obtain a variance of 0.51.
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Figure 2. Histogram of Padna annual average temperature data.

Next, we provide the histogram of the data in Figure 2. It can be seen that there is a tendency
toward skewness, with a heavier tail on the right side. Shapiro-wilk normality test was then
conducted to assess the normality of the data. The test returned a p-value of 0.001259. Since the
p-value is below the threshold of 0.05, we reject the null hypothesis that the data come from a
normal distribution. This condition confirms the need to use a non-normal distribution for fitting
the data. Therefore, the following discussion will focus on modeling the data using a skew-normal
distribution to accommodate the observed non-normal characteristics.

Prior and Hyperparameter Specification

In the skew-normal distribution, there are three parameters: the location (£), scale (w), and
shape (@). Each requires a prior distribution that encodes our beliefs about their respective
characteristics. The prior specification for location parameters is based on the information that the
domain of € is all real numbers, similar to normal distribution. On the other hand, the restriction
that the scale parameter must be positive justifies the use of the inverse gamma distribution. Note
that this prior is specified for w?, though we will analyze @ directly during inference. Finally,
domain suitability also motivates the choice of a normal prior for the parameter @, as it
accommodates the unbounded nature of skewness effects. The probability density functions for
these prior distributions are given in Equations (5), (6), and (7).

We assign & ~ N(uf, O'Scz), then

p(§) =

2
27m§—

1
exp {- 2 Hf)z} 5)

with—00<§<00,—00<y5<00,anda§>0.

We have w? ~ InvGamma(y, §), then
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2
p(w?) = —— )

with w? >0,y > 0,and 6 > 0.

(@7 exp(~ ) (6)

Finally, @ ~ N (g, 62) so that we get

1 1
p@) = enp {757 (e~ oY} Q

with —00 < @ < 00 ,—00 < i, < ®,and 62 > 0.

Based on the three equations above, several hyperparameters must be carefully specified in
advance, including pg, GSZ .V, 0, gy, and 02. To guide this selection, we refer to existing climatic
classifications. Fratianni and Acquaotta (2017) previously categorized regions in Italy based on
climatic and geographic characteristics. Their results show that Padua belongs to the Sub-
continental temperate zone, with an average annual temperature between 10°C and 14°C. This
climatic data informs the hyperparameter choices for the location parameter () prior. Specifically,
we use a normal distribution with a mean of 12 and a standard deviation of 10 to represent this
prior knowledge. For the scale parameter, an Inverse Gamma(0.001, 0.001) distribution is set as
the prior for w?. As for the shape parameter @, its prior distribution is assigned hyperparameters
with a mean of 1 and a standard deviation of 100. The mean of 1 reflects the right-skewed pattern
observed in the data histogram, suggesting that the a parameter distribution is likely centered
around positive values. The relatively large standard deviation helps account for uncertainty in
specifying the prior distribution.

Posterior Construction

The posterior distribution is constructed by combining the likelihood function with prior
distributions using Equation (4). The likelihood follows the probability density function given in
Equation (1), representing the joint probability of observing the data X1, X, ..., Xy given parameters

¢, w, and a. Under the assumption of independent priors, the joint postetior distribution takes the
form given in Equation (7).

p(¢, w? , QX1 X0, .0, Xy) X

nfx(xllf w, a)] X p(&) x p(w?) x p(a)

p(&, 07 alx) [ﬁ%cp(’ci;f)@( )] Fex?(

Wexp (—— a-pd?) O

2
204

77 €Y

Posterior Inference zmd Diagnostics

The joint posterior distribution derived in Equation (7) is analytically intractable due to the
complex parameter interactions in the skew normal likelihood. To overcome this, we implement a
Markov Chain Monte Carlo (MCMC) method for posterior sampling. Specifically, we use the No-
U-Turn Sampler (NUTS) implementation in Stan for this task. Four parallel chains were run for
10,000 iterations each, with the first 5,000 iterations discarded as burn-in. Convergence was verified

through trace plot inspection and the values of R.
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Table 2. Posterior summary table for all parameter

Parameter mean sd 2.5% 25% 50% 75% 97.5% R
& 12.05 0.11 11.86 11.98 12.05 12.12 12.28 1.00
w 1.04 0.09 0.87 0.98 1.04 1.10 1.22 1.00
a 2.26 0.65 1.17 1.81 2.20 2.64 3.74 1.00

Table 2 summarizes the posterior distributions for all parameters, including measures of
central tendency (mean, median), uncertainty (standard deviation, credible intervals), and
convergence diagnostics (Rhat). The location parameter ¢ has a postetior mean of 12.05 (SD =
0.11) and a 95% credible interval [11.86, 12.28]. The scale parameter w has a mean estimate of 1.04
(SD = 0.09), with its 95% credible interval [0.87, 1.22] properly constrained to positive values, as
required for scale parameters. Lastly, the parameter @ has posterior mean 2.26 (SD = 0.65) with
95% credible interval [1.17, 3.74]. All R values equal to 1 confirm MCMC conver-gence.
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Figure 3. Posterior histograms of all sampled parameters.

For better perspective, Figure 3 presents the posterior histograms of all parameters, allowing
a visual assessment of their distributional shapes. Vertical solid lines represent posterior means,
while dashed lines indicate medians. The postetior histograms show that the parameters ¢ and w
have fairly symmetric, bell-shaped distributions, indicating balanced uncertainty around their
central estimates. In contrast, the histogram for a leans slightly to the right, showing that higher
values occur more often in the samples.
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Figure 4. Diagnostic plots of (a) trace plots and (b) antocorrelation functions (ACFs) for sampled parameters.

Next, we also present Figure 4 to provide complementary visual diagnostics of sampling
quality. This figure displays the trace plots and autocorrelation for all sampled parameters across
four chains. The trace plots in panel (a) display good mixing across chains, with values fluctuating
steadily around a central value, suggesting that the sampling process is stable. Panel (b) shows that

the autocortelations drop quickly. These visual diagnostics support the eatlier R values from Table
2, confirming that the MCMC chains have converged properly.



Likelihood: Journal of Statistics and Its Application
ISSN: 3089-9729

Conclusion

This study modeled the annual average temperature data of Padua using a Bayesian univariate
skew normal distribution. The descriptive analysis, histogram, and Shapiro—Wilk normality test
indicated that the data deviate from normality and show a right-skewed pattern. Therefore, the
skew normal distribution was considered appropriate because it can accommodate asymmetry
while retaining the normal distribution as a special case. Bayesian inference was implemented using
RStan with the No-U-Turn Sampler. The analysis yielded posterior means of 12.05, 1.04, and 2.26
for parameter of location (§), scale (w), and shape (@), respectively. Convergence diagnostics
including R, trace plots, and ACF plots, confirmed the reliability of the MCMC sampling process.
Overall, the Bayesian skew normal model provides a suitable distributional foundation for Padua
temperature data and can support further climate-related analysis, forecasting, and environmental
planning.
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